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Godunov type finite volume method 
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Godunov type finite volume method 

Finite volume formulation for conservation law 
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The key stone for modern high-resolution schemes  

solversRiemann 
eapproximat &Exact boundaries cellat     valuesside-right     

 and   side-left find ,  average-cellGiven      
  :tionReconstruc (1)

R

L

i

u

uu



   

 
2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

 
2
1                                                         

n dissipatio Effective       scheme  Central                     

 
2
1)()(

2
1ˆ      

 form canonical ain cast  becan  solversRiemann  The     
:2n Observatio

nformulatio FVM  theofproduct      
 inevitable and natural a is )(     
 (jump)ariation boundary v The     

:1n Observatio






ii

L

i

R

ii

R

i

L

ii

BV

uuufuff

BV







Godunov type finite volume method 

    LRLR uuBVuuBV

VariationBoundary

                 

                      

i 

𝑢𝑅 𝑢𝐿 

𝑢𝐿 

𝑢𝑅 

u

u

u

i+1 i-1 
2/1ix2/1ix

 
2
1iBV

 
2
1iBV

Observation 2 suggests that minimizing BV is the key to reduce 

numerical dissipation 
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Godunov type finite volume method 

Prof. J..Yang 

Important contributions  

from 1980s to 2010s 



Higher-order reconstructions  

Piece-wise constant  

  LR uuBV     Variation Boundary  

𝑢𝑅 𝑢𝐿 

𝑢𝐿 

u

u

 PC
BV

MUSCL  

𝑢𝑅 

𝑢𝐿 

𝑢𝐿 

u

u

 PC
BV

High-order polynomial 

(ENO,WENO,…) 

Does higher-order 

reconstruction always 

generate smaller BV? 
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What we have done in the past really lead to 

reconstructions that minimize BV ?  

• YES ! for smooth solution (Weierstrass approx. Theorem (1885) ) ✓ 

• Very questionable for discontinuous solution ?? 

A numerical experiment 

Smooth profile  

   highlower BVBV 

Non-smooth profile  
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A new strategy:  

design reconstructions that minimize boundary jumps 

→ BVD (Boundary Variation diminishing) principle 

We may have ignored BV as a key factor in reconstructions 



Boundary Variation Diminishing (BVD)  
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Implementing BVD principle  

BVD algorithm 1 ( a simple version for structured mesh) ✔  



Implementing BVD principle  

BVD algorithm 2 (least square approach )  
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Some BVD admissible reconstructions 



Some BVD admissible reconstructions 

Mesh cell 

THINC 

Reconstruction 

𝑢𝑅 
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It works ! 

Jiang and Shu’s advection test 



THINC method with multi-dimensional 
reconstructions 

 

Multi-dimensional hyperbolic tangent  function 

Surface function (linear) 

Surface function (quadratic) 



Reconstructions of a circular jump with 
quadratic interface representation 

 



Numerical test 

The BVD algorithm automatically choose the 

highest polynomial for smooth solution 



Numerical test 

Jiang and Shu’s advection test 



Numerical test 

Nonlinear scalar hyperbolic conservation equations 



Numerical test 

Lax Problem (Euler equation) 

BVD footprint 

Cells of THINC 
reconstruction 

BVD serves well as a 

discontinuity detector  



Extra examples  

Lax Problem (Euler equation)200 cells 

BVD using other combinations 

(WENO + others) 

WENOZ-MUSCL-BVD 

WENOZ-CONSTANT-BVD 

WENOZ 



Numerical test 
Two blast waves 400 cells at t=0.038 



Numerical test 

Double Mach reflection at t=0.2 on 100X320 mesh 



Double Mach reflection at t=0.2 on 100X320 mesh 



Numerical test 

Double Mach reflection at t=0.2 on 200X640 mesh 



Double Mach reflection at t=0.2 on 200X640 mesh 



100X350 mesh with Pn DG reconstruction 

Comparison with high-order DG method 

P1 (200X700 DOFs) P2 (300X1050 DOFs) 

P5 (600X2100 DOFs) P9 (1000X3500 DOFs) 

200X640 

Dumbser et al, JCP 2014   

BVD reconstruction 

Impact on NS simulations 



Implementing BVD principle on unstructured grids 

BVD algorithm for  unstructured grid (simplest version)  



Implementing BVD principle on unstructured grids 

BVD algorithm for  unstructured grid (simplest version)  



Advection test on unstructured grid 
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Triangular grid 



Double Mach reflection on unstructured grid  



Compressible multiphase flow with interfaces 

Air shock-R22 bubble interaction Hass,Sturtevant, J. Fluid Mech.,  

181, 41-76(1987) 

Without BVD 

With BVD 

Shyue & Xiao (2014) 

JCP ., 268, 326-354. 



Summary 

 A new strategy to design high-fidelity schemes to capture 

both smooth and discontinuous solutions. 

 A simple and accurate approach of great practical 

significance. 

 Superior solution quality to other existing methods with 

the same DOFs. 

 An approach that might lead to some new stories in 

related fields. 

 

Thank   you !  


